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Determination of the subcritical aeroelastic response to arbitrary time-dependent external excitation and deter-
mination of the flutter instability of open/closed-loop two-dimensional nonlinear airfoils constitute the main topics.
To address these problems, Volterra series and indicial aerodynamic functions are used, and, in the same context,
the pertinent aeroelastic nonlinear kernels are determined. Flutter instability predictions obtained within this
approach compared with their counterparts generated via the frequency eigenvalue analysis and via experiments
reveal excellent agreements. Implications of a number of important parameters characterizing the lifting surface
and control law on the aeroelastic response/flutter are discussed, and pertinent conclusions are outlined.

Nomenclature
an = coefficients of the Taylor series
b = semichord length of the airfoil
CLα = lift-curve slope
C(k), F(k), G(k) = Theodorsen’s function and its real and

imaginary counterparts, respectively
chi, cαi , khi, kαi = damping and stiffness coefficients in

plunging and pitching (i = 1, 2, 3: linear,
quadratic, cubic), respectively

h, α = plunging and pitching displacements
hn , Hn = nth-order Volterra kernel in time, and its

Laplace transformed counterpart,
respectively

Iα, Îα = mass moment of inertia per unit wing span
and its dimensionless counterpart
(≡ Iα/103πρb4), respectively

La, Ma = total lift and moment per unit span
Lb = overpressure signature of the

N -wave shock pulse
Lc, Mc = feedback control force and moment,

respectively
m = airfoil mass per unit length
Pm = peak reflected pressure amplitude

of the blast load
r = shock pulse length factor
Sα = static unbalance about the elastic axis
s j ,L = Laplace transform variable and Laplace

operator, respectively, s j = ik j ; i = √−1
t, τ = time variables
U∞ = freestream speed
X, Y = input and output spectra of the system
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x(t) = time-dependent external pulse (traveling
gusts and wake blast waves)

y(t) = response of the considered degree of
freedom (plunge h and/or pitch α)

γn = generic n-order Volterra kernel
in the time domain

ρ = air density
τp = positive phase duration measured from the

time of the arrival of the pulse
φ(τ) = Wagner’s indicial function
ω, k = circular and reduced frequencies,

(≡ ωb/U∞), respectively

I. Introduction

S UPERMANEUVERABLE combat aircraft can experience, dur-
ing its operational life, dramatic reductions of the flutter speed

that can affect its survivability. Moreover, the tendency to increase
structural flexibility and operating speed augments the likelihood
of the flutter occurrence within the aircraft operational envelope.1,2

To prevent such an event from occurring, the development and im-
plementation of proper active feedback control methodologies that
would enable an increase of the flutter speed, enhance the aeroelastic
response to external time-dependent loads, and convert the catas-
trophic flutter boundary into a benign boundary constitute issues of
evident importance. In this sense, the nonlinear approach of lifting
surfaces of aeronautical and space vehicles permits determination
of the conditions under which undamped oscillations can occur at
velocities below the flutter speed (in this case the flutter boundary is
catastrophic) and also of the conditions under which the flight speed
can be exceeded beyond the flutter instability, without catastrophic
failure (in this case the flutter boundary is benign). Flutter speed,
that is, the speed for which the undisturbed form of the considered
structure ceases to be stable, can be determined via a linear stability
analysis of the aeroelastic system. In contrast to this, the aeroelas-
tic analysis incorporating various nonlinearities is able to address
the issue of the behavior of aeroelastic systems in the vicinity of
the flutter boundary.1,2 In this sense, because of the character of the
nonlinearities and of other interactive mechanical characteristics of
the structure the flutter boundary can be benign or catastrophic.

The topics that will be addressed in this paper are related to the
effects of nonlinearities and feedback control on the aeroelastic re-
sponse in the subcritical flight speed regime and the flutter behavior
of actively controlled lifting surfaces.

673



674 MARZOCCA, SILVA, AND LIBRESCU

The methodology used is based on Volterra series3−10 and aero-
dynamic indicial functions,10−13 in which context a feedback con-
trol capability was also included.14−16 Volterra’s functional series
technique3−10 was proven to be an efficient tool for various nonlin-
ear aeroelastic problems of systems featuring an arbitrary number
of degrees of freedom.6,7 The Volterra series approach overcomes
the shortcomings facing other methods such as Hilbert’s transform,5

the phase plane method, and the method of multiple scales, which
are subjected to some constrains.

In this paper, following the developments presented in Ref. 7, the
Volterra series approach is applied to the active feedback control of
the dynamic response of two-dimensional airfoils in an incompress-
ible flowfield.

II. Volterra Series Approach
Aeroelastic systems are in general nonlinear. Because of their

intricacy, closed-from solutions are difficult to obtain. This paper
explores the idea of applying Volterra series to the closed-loop aeroe-
lasticity of lifting surfaces. The time history of the system is rep-
resented in the form of the Volterra series, which is the summation
of the first order, that is, of the linear component, and higher-order
components (or nonlinear components). Although the Volterra se-
ries is an infinite series, experiments show that the information from
the first few components is adequate to identify nonlinear systems in
practice. Because for nonlinear systems the superposition principle
is not applicable,4 a combination of linear (TF) and high-order trans-
fer functions (HO-TF) is used to simulate the aeroelastic response in-
duced by unsteady aerodynamic loads and external excitations.6 For
nonlinear aeroelastic systems, the high-order transfer functions and
the corresponding time histories are determined by taking the mul-
tidimensional Laplace transform of associated Volterra kernels.6,7

For this reason those HO-TF are also called high-order Volterra ker-
nels. Their computation will be achieved via a Mathematica® code
developed by these authors.6

Although the transfer function is a common concept used in lin-
ear system analysis, the concept of high-order transfer function is
a generalization of the linear concept applied to nonlinear dynamic
systems.5 The subcritical response of the nonlinear aeroelastic gov-
erning equations is based on the sum of multidimensional convolu-
tion integrals wherein the first kernel is linear and is analogous to the
linear indicial aeroelastic function.6 Because the flutter boundary is
determined by a linear stability analysis only, the linear Volterra
kernel is used for that purpose.

Corresponding to the specific type of structural, damping, and
aerodynamic nonlinearities, one of the key issues is to determine
the pertinent high-order Volterra kernels. When an active control
capability is implemented, the Volterra kernels should incorporate
the effect of the control as well. Toward the determination of the lin-
ear kernel (or linear transfer function) and the nonlinear kernels (or
high-order transfer functions) that include structural/aerodynamic
nonlinearities, the harmonic probing algorithm, referred to as the
method of growing exponentials advanced by Bedrosian and Rice,17

and the multidimensional Laplace transform4−6 should be used.

A. Features of Volterra Series in Aeroelasticity
A brief description of the main features of the aeroelastic system

analyzed via Volterra series follows. For more details the reader is
referred to Refs. 3–5.

1. Causality
For any external load, the aeroelastic response at any instant of

time does not depend on the future of the applied load. This fact
implies that hi (τ1, . . . , τi ) = 0 for any τi < 0.

2. Homogeneity
If the amplitude of the external load input would be changed, the

amplitude of all of the response components would also be changed,
but there would be no variation in the shape of each component
waveform.

3. Finite Memory
The system memory should be finite, and the effect of an instan-

taneous change in the external load will tend to diminish with time.
This fact is reflected in hi (τ1, . . . , τi ) → 0 as τ1, . . . , τi → ∞.

4. Convergence
The aeroelastic response can be approximated by a finite number

of terms, implying that the series must be convergent. In general,
some level of excitation would exist to cause the Volterra series to
diverge. This prevents Volterra’s series approach from characteriz-
ing strong nonlinear systems with high excitation components. In
addition, for reducing the computational costs only a few terms can
be taken into consideration.

5. Uniqueness
For a system that does comply with all of the previous necessary

conditions, each Volterra kernel is independent of the excitation and
unique. This property is useful. If it were possible to measure the
Volterra kernels by testing the aeroelastic system with an input load
of a particular type and level the Volterra series would be used to
predict the response to any other input load.

B. Linear and Nonlinear Aeroelastic Kernels
In this section, a few concepts related to the Volterra series as

applied to aeroelastic systems and the associated terminology are
provided. The displacements, that is, plunging/pitching time his-
tories of a nonlinear aeroelastic system y(t), can be obtained as a
summation of response components, which are each the result of the
time-dependent external pulse x(t) (due to traveling gusts or blast
waves),6,7

y(t) =
∞∑

n = 1

[∫ ∞

−∞
· · ·

∫ ∞

−∞
hn(τ1, . . . , τn)

n∏

k = 1

x(t − τk) dτk

]
(1)

Herein, h(τ1, . . . , τn) stands for the Volterra kernel of the nth order,
or simply nth-order kernel,3 τk are time variables, while h1(τ1) and
h2(τ1, τ2) are the linear and second-order impulse response func-
tions, respectively.

It is assumed that x(t − τk) = 0 for any τk < 0, implying that the
system is causal. The representation in Eq. (1) is consistent with
a nonlinear system without memory, which can be described by a
Taylor series:

y(t) =
∞∑

n = 1

an[x(t)]n (2)

Expanding Eq. (1) up to and including the third-order kernel, we
obtain

y(t) =
∫ t

0

h1(τ1)x(t − τ1) dτ1 (3)

+
∫ t

0

∫ t

0

h2(τ1, τ2)x(t − τ1)x(t − τ2) dτ1 dτ2 (4)

+
∫ t

0

∫ t

0

∫ t

0

h3(τ1, τ2, τ3)

× x(t − τ1)x(t − τ2)x(t − τ3) dτ3 dτ1 dτ3 (5)

A linear aeroelastic system with memory, such as in the case in which
the unsteady aerodynamic loads are present, can be described by
Eq. (3), that is, via a linear convolution representation. As a limiting
case of this methodology, based upon the first-order Volterra kernel
h1(τ1), the study of the linear aeroelastic stability of the system can
be carried out. Terms (4) and (5) can be viewed as the two-fold and
three-fold convolutions; this implies that Eq. (1) is an infinite sum of
n-fold convolution integrals. These serve to characterize the various
orders of the nonlinearity.3,4,9,10
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C. Symmetric and Symmetrized Aeroelastic Kernels
For computational reasons, it is preferable to have symmetric ker-

nels, for example, for a second-order kernel h2(τ1, τ2) = h2(τ2, τ1).
This is always the case for open-loop aeroelastic systems.6,7 In
addition, the underlying assumption in Eq. (1) is that the kernels
hn are symmetric, which means that hn(τ1, . . . , τn) must have the
same value regardless of the permutation of τ1, . . . , τn , that is,
hn sym(τ1, . . . , τn) = hn sym(τπ(1), . . . , τπ(n)), where π(·) denotes any
permutation of the integer 1 . . . n (Ref. 4). However, because of the
shift in the magnitude and phase of the resonance frequency for
feedback systems the kernels of closed-loop aeroelastic systems are
not, in general, perfectly symmetric. This is evident from some of
the numerical simulations illustrated next.

Because a significant reduction in the number of terms is often
the result of symmetric kernels and because in many cases system
properties can be related to the properties of the symmetric kernel,
Wiener’s procedure will be pursued to symmetrize the closed-loop
aeroelastic kernels.4 It consists of permuting the subscripts of τ in
all possible ways and then taking hn to be the sum of all generic
n-order kernel γn , that is,

hn sym(τ1, . . . , τn) = 1

n!

∑

π(·)
γn

(
τπ(1), . . . , τπ(n)

)
(6)

where the indicated summation is over all n! permutations of the in-
tegers 1 through n. This replacement does not affect the input/output
relationship.4 In fact, considering the expression
∫ t

0

hn(τ1, . . . , τn)

n∏

k = 1

x(t − τk) dτk

= 1

n!

∑

π(·)

∫ t

0

γn

(
τπ(1), . . . , τπ(n)

) n∏

k = 1

x
(
t − τπ(k)

)
dτπ(k) (7)

it appears that, relabeling τk = τπ(k), k = 1, n in every term of the
summation, all terms of Eq. (7) are identical, and so summing the
n! terms on the right-hand side of Eq. (7) shows that the same

Fig. 1 Aeroelastic system represented as a plant.

Fig. 2 Aeroelastic system incorporating a feedback control.

Fig. 3 Two equivalent representations of the nonlinear transfer functions of a feedback control system.

input/output behavior is obtained. The symmetric version of the
kernel can be obtained by summing over those permutations that
give distinct summands and replacing n! by the number of such
permutations. For example, an asymmetric kernel h+

2 (τ1, τ2) can be
symmetrized by

h2(τ1, τ2) = 1
2

[
h+

2 (τ1, τ2) + h+
2 (τ2, τ1)

]
(8)

Usually, these time-domain kernels are used in the multidimensional
convolution to determine the response.

Within the present approach, for reasons to be explained next, a
Laplace-based formulation is used. This formulation is based on the
frequency-association technique4,6 for nonlinear analytical systems
that provides an analogue to the Laplace-transform technique for
linear systems. The main advantage of this method is that it makes
it easier to compute the Volterra series in the Laplace space domain,
rather than in the time domain. This implies that the kernels in
Laplace/frequency domains are often more useful than their time-
domain counterparts. When these kernels are inverted, the result is an
explicit solution for the aeroelastic response time history applicable
to any time-dependent external excitation.6 Some details, including
the relation between frequency and Laplace transform enabling the
conversion of the frequency-domain to time-domain descriptions,
are included in Appendix A.

Focusing our attention on the linear open-/closed-loop system,
the Laplace transform the linear part of Eq. (3) yields the familiar
Laplace domain expression Y (s) = H(s)X (s). Here Y (s), X (s) (the
so-called output and input spectra), and H(s) are the integral Laplace
transforms of y(τ ), x(τ ), and h(τ ), respectively, while H(s) is
the linear transfer function of the system. As a reminder, y(τ ) can
be also Fourier transformed, where the output and input spectra are
related by Y (iω) = H(iω)X (iω).

It is a well-known fact that for a linear system either the linear
transfer function or the first kernel in time h(τ ) encode all of the

Fig. 4 Flutter speed parameter vs dimensionless inertia of an airfoil
in an incompressible flow. Single-DOF pitching oscillation. The vertical
line is the asymptotic limit, Îα = 0.707.



676 MARZOCCA, SILVA, AND LIBRESCU

information about the system. This is valid for systems incorporat-
ing a feedback control capability as well. In this case, the modified
first-order kernel contains the necessary information for obtaining
the aeroelastic response of the controlled system.

III. Aeroelasticity of Nonlinear Airfoils
The open/closed-loop nonlinear aeroelasticity of one- and two-

degree-of-freedom airfoils with structural and damping nonlineari-
ties will be considered next. The plunging and pitching motions will
be analyzed separately for an one-degree-of-freedom airfoil and
the coupled plunging-pitching motion for two-degree-of-freedom
airfoils.7

The results presented have general bearing and can be extended to
systems with multiple degrees of freedom. In fact, by using the clas-
sical approach of the one-dimensional frequency response function
it is possible to derive an analytical expression for the multidimen-
sional frequency response characteristics of nonlinear systems.

The unsteady aerodynamics is assumed to be linear. A har-
monic time-dependent concentrated external load is included in the
analysis.

A characteristic of this approach, the linear transfer functions of
the system, would exist and would be the same for any excitation
(random or deterministic), such as Dirac’s impulse, gusts, airblast, or

Fig. 5 Open-loop aeroelastic response of an airfoil to a blast load (as
represented in the inset) via Volterra series and convolution integral
b = 1 ft, ρ= 1.225 kg/m3, U∞ = 1 m/s, m = 10 kg, ch1 = 2mωζ, kh1 =ω2m,
ζ = 0.008, ω = 60 rad/s, τp = 10, and Pm = 1. The two curves coincide.

Fig. 6 Aeroelastic kernels of the open-/closed-loop aeroelastic system: (i) first order, (ii) second order, and (iii) third order, with a) magnitude and
b) phase. Representation for si = s, that is, ωi =ω, i = 1, 3.

sonic booms. This is because transfer functions are a characteristic
of the system and are independent of the input to the system.3−6

Then, the high-order kernels will be determined and expressed in
terms of the first-order kernel.5

The validity of this method is based on the use of continuous
polynomial-type nonlinearities. For nonlinear ordinary differential
systems there are in general an infinite number of Volterra kernels.
In practice, one can handle only a finite number of terms in the

a)

b)

Fig. 7 First aeroelastic Volterra kernel: a) frequency and b) time rep-
resentations.
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series, which leads to the problem of truncation accuracy. However,
Wiener suggests that the first terms of the series might be sufficient
to represent the output of a nonlinear system if the nonlinearities
are not too strong, for example, see Ref. 5.

IV. One- and Two-DOF Nonlinear Airfoils
A. Plunging Airfoil Motion

The open-/closed-loop, nonlinear aeroelastic equation of an air-
foil featuring plunging motion subjected to an external, time-
dependent load can be expressed as

mḧ(t) +
n∑

i = 1

{
chi[ḣ(t)]i + khi[h(t)]i

} = −La(t) + Lb(t) + Lc(t)

(9)

where i defines the degree of the considered nonlinearity.
In the numerical simulations, i = 3 implies that quadratic and cu-

bic nonlinearities have been included in the structural model. In ad-
dition, m is mass parameter and chi, khi are the damping and stiffness
parameters, respectively, that are associated with the damping and
stiffness in plunging corresponding to the i th power. The right-hand
side of these equations Lb(t) denotes the external time-dependent
load acting on the rigid wing counterpart,6,12,13 and Lc(t) denotes
the linear active feed back control force that is expressed as

Lc(t) = gph(t) + gv ḣ(t) + gaḧ(t) (10)

where gp , gv , ga are the proportional (PFC), velocity (VFC), and
acceleration (AFC) feedback control gains. In Eq. (9) the unsteady
aerodynamic lift La(τ ) is represented as a function of the plunging
degree of freedom h, only:

La(t) = CLαρU∞b

∫ t

0

φ(t − σ)
∂ ḣ(σ )

∂σ
dσ + 1

2
ρCLαb2ḧ (11)

The noncirculatory component present in Eq. (11) has been repre-
sented in terms of a convolution integral of the indicial Wagner’s

a)

b)

c)

d)

Fig. 8 Three-dimensional plot of the second-order aeroelastic kernel: a) kernel in the frequency domain, b) kernel in the time domain, and
c, d) contour plots corresponding to Fig. 8b.

function φ(τ), which is connected with Theodorsen’s function C(s),
via the Laplace transform as

C(−is) = s

∫ ∞

0

φ(τ)e−sτ dτ

This function has been included in the form of R. T. Jones’s
approximation.11 A full discussion regarding the indicial function
concept and its use in this approach are beyond the scope of this
paper. For details related to this issue, see Refs. 6, 11–13. C(s) ap-
pears in the aeroelastic feedback loop system (Fig. 1). B0, B1, C0 are
coefficients,14 while the transfer function of the plant viewed as a lin-
ear mechanical system is represented by W (s) = 1/(ms2 + cs + k).
When the feedback control is included in the system, the aeroelastic
system can be represented as in Fig. 2.

B. Evaluation of Aeroelastic Kernels
To explain how this methodology works, the aeroelastic response

of the airfoil to a harmonic or periodic time-dependent load is deter-
mined in terms of Volterra series. Let consider a periodic external
excitation of the form:

Lb(t) =
n∑

j = 1

X j e
s j t (12)

The general procedure for identifying the aeroelastic kernels of
various orders (1, n) consists of considering a general input in the
form given by Eq. (12) and of equating, for the generic term of nth
order, the coefficients of X1 X2 · · · Xne(s1 + s2 + ··· + sn )t .

This procedure was detailed in Ref. 6, where the expressions
of the first three Volterra kernels of two-dimensional airfoils have
been explicitly derived. As an example, the linear transfer function
H1(s1) characterizing the open-loop one-DOF aeroelastic system
can be represented as

H1(s1) = [
kh1 + ms2

1 + ch1s1 + s1ρCLαbU∞C(k) + 1
2 ρCLαs2

1 b2
]−1

(13)
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a)

b)

c)

d)

e)

f)

g)

h)

Fig. 9 Magnitude and phase representation of the second-order Volterra kernel for the a–d) open- and e–h) closed-loop aeroelastic systems.
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where k ≡ −is1b/U∞ is the argument of the Theodorsen’s function.
As was already mentioned, as a general property of the system all
higher-order kernels are expressed in terms of first-order H1 (see
Ref. 5–7).

C. Closed-Loop Aeroelastic Response
To actively control the aeroelastic response, control capabilities

should be incorporated into the aeroelastic system. This results in
a closed-loop system and implies that the response is evaluated by
a sensor and is fed back to an actuator that generates a force or
moment (see Fig. 2). The goals of implementing a feedback control
consist of controlling the aeroelastic response behavior, increasing
the flutter speed, and converting the catastrophic flutter boundary
into a benign boundary.

To help understand this concept, incorporate a linear feedback
control into the nonlinear aeroelastic system and address the re-
sponse problem via Volterra series approach. Consider H1(s1),
H2(s1, s2), H3(s1, s2, s3), the first three nonlinear aeroelastic ker-
nels of the open-loop aeroelastic system.

For the present analysis, the feedback control is linear and char-
acterized by the gain β(s); β(s) can be the feedback gain of one
of the PFC, VFC, AFC feedback control, or combinations of these,
referred to as combined feedback control, respectively.

Based on these assumptions, the linear closed-loop aeroelastic
kernel TF1(s1) is given by

TF1(s1) = H1(s1)

[1 + H1(s1)β(s1)]
= W (s1)H1(s1) (14)

From Eq. (14), when β(s1) = 0, that is, in the case of the open loop,
H1(s1) = TF1(s1). W (s1) = 1/[1 + H1(s1)β(s1)] is an error transfer
function. In the specialized literature, this function is called the
feedback transfer function.

From a mathematical point of view, the closed-loop nonlinear
aeroelastic system that is characterized by the three transfer func-
tions Hi |i = 1,3 and by the feedback gain β(s) can be seen as an open-
loop system described by three new transfer functions TFi |i = 1,3 that
are related, in some sense, with the kernels of the open-loop system
and its control gains (see Figs. 3a and 3b).

To obtain the second-order closed-loop nonlinear aeroelastic
kernel [TF2(s1, s2)], assume that the input can be expressed as
x(t) = es1t + es2t . The output y(t) can be written as

y(t) = TF1(s1)e
s1t + TF1(s2)e

s2t + TF2(s1, s2)e
(s1 + s2)t + others

(15)

Therefore, the feedback signal w(t) will be

w(t) = β(s1)TF1(s1)e
s1t + β(s2)TF1(s2)e

s2t

+ β(s1 + s2)TF2(s1, s2)e
(s1 + s2)t + others (16)

If the reference input and the controlled output are dimen-
sionally equivalent, the error signal r(t) can be expressed as
r(t) = x(t) − w(t), and in extended form as

r(t) = [1 − β(s1)TF1(s1)]e
s1t + [1 − β(s2)TF1(s2)]e

s2t

− β(s1 + s2)TF2(s1, s2)e
(s1 + s2)t + others (17)

H1(s1) and H2(s1, s2) operate on the first three exponentials, respec-
tively, to yield

y(t) = {H2(s1, s2)[1 − β(s1)TF1(s1)][1 − β(s2)TF1(s2)]

− H1(s1 + s2)β(s1 + s2)TF2(s1, s2)}e(s1 + s2)t + others (18)

Comparing the expressions of y(t) written in the two preceding
forms, extracting the e(s1 + s2)t term and using the expression of
TF1(s1), we get

TF2(s1, s2) = H2(s1, s2){1/[1 + H1(s1)β(s1)]}
× {1/[1 + H1(s2)β(s2)]}{1/[1 + H1(s1 + s2)β(s1 + s2)]}

(19)

The closed-loop aeroelastic kernel TF3(s1, s2, s3) can be obtained,
in a straightforward manner, by letting x(t) = es1t + es2t + es3t . The
result is

TF3(s1, s2, s3) = 1

1 + H1(s1 + s2 + s3)β(s1 + s2 + s3)

×
{

H3(s1, s2, s3)∏3
i = 1[1 + H1(si )β(si )]

− 3
H2(s1, s2 + s3)β(s2 + s3)H2(s2, s3)

[1 + H1(s2 + s3)β(s2 + s3)]
∏3

i = 1[1 + H1(si )β(si )]

}

(20)

D. Stability Analysis for a Plunging Airfoil
If stability analysis is conducted in a linear framework, the

aeroelastic system is characterized by the first Volterra kernel,

a)

b)

c)

d)

Fig. 10 Time histories of the open-/closed-loop pure plunging airfoil
exposed to a Dirac delta pulse as represented in inset via selected type
of feedback control.
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incorporating the Wagner’s function as6

Hc(s) = [
ms2 + chs + kh + CLαρbU∞�(s)s2 + 1

2 ρCLαb2s2
]−1

(21)

For stability evaluations, Eq. (21) can be written in the form of a
characteristic equation as

Dc(s) = 1/Hc(s) = 0 (22)

Replacing s = iω, �(s)s2 with C(−is)s, where C(k ≡ ωb/U∞) =
F(k) + iG(k) is the Theodorsen’s function, and considering the real
and imaginary parts of Dc(s), one obtains

a)

b)

c)

d)

Fig. 11 Predictions of the open-/closed-loop linear aeroelastic responses of the airfoil to a) sonic boom, b) blast loading, c) sharp-edged, and
d) 1-COSINE gust loads (as represented in the inset).

R(ω) = −mω2 + kh + CLαρbU∞G(k)ω − 1
2 ρCLαb2ω2 (23a)

S(ω) = cω + CLαρbU∞ F(k)ω (23b)

The stability chart for the system described in Eqs. (23) can eas-
ily be constructed. The region in the {ch, kh, U∞, m, b} parameter
space can be determined from the solution of R(ω) = 0; S(ω) = 0;
ω ∈ (0, ∞).

E. Linear Pitching Airfoil Motion
As stated by Runyan,18 the study of a single-DOF flutter is not

only of an academic interest but of a practical one. A comparison of
the present approach with the theoretical and experimental findings
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of Ref. 18 is presented in Fig. 4. The flutter calculations for a
single-DOF pitching airfoil characterized by Iα = 0.0948 ftlb2/ft
and ωα = 22.99 for three values of the structural damping coefficient
gα = 0;0.008;0.02 are provided. The results reveal that, for moder-
ate to high values of the inertial parameter Îα(≡ Iα/103πρb4), the
predictions via Volterra series approach are in excellent agreement
with the theoretical and experimental ones. Moreover, for Îα ≤ 8
a departure from this trend is observed, with a better agreement
of the Volterra series predictions with the experimental results, as
compared to those obtained in Ref. 18.

F. About the Plunging-Pitching Airfoil Motion
The aeroelastic governing equations for an airfoil with plunging-

pitching coupled motion, exposed to a harmonic time-dependent
external excitation, are6

mḧ + Sαα̈ +
n∑

i = 1

(
chj ḣ

i + khj h
i
) = −La + Lb − Lc (24a)

Sα ḧ + Iαα̈ +
n∑

i = 1

(
cα j α̇

i + kα jα
i
) = Ma − Mc (24b)

Considering the blast load Lb as uniformly distributed in the chord-
wise direction, the contributing moment Mb in Eq. (24b) becomes
zero. Following the steps adopted for the nonlinear one-DOF, apply-
ing a load at one frequency Lb = X1es1t , and expressing the plunging
and pitching displacements in terms of transfer functions as

h(t) = X1 H h
1 (s1)e

s1t + X 2
1 H h

2 (s1, s1)e
2s1t

+ X 3
1 H h

3 (s1, s1, s1)e
3s1t + others (25a)

α(t) = X1 Hα
1 (s1)e

s1t + X 2
1 Hα

2 (s1, s1)e
2s1t

+ X 3
1 Hα

3 (s1, s1, s1)e
3s1t + others (25b)

the kernels and the aeroelastic responses can be determined. Fol-
lowing the same steps as in the preceding sections, applying
the loads Lb(t) = X1es1t + X2es2t , and Lb(t) = X1es1t + X2es2t +
X3es3t , equating the terms in the forms X1 X2e(s1 + s2)t and
X1 X2 X3e(s1 + s2 + s3)t , the expressions for the second- and third-order
Volterra kernels in the Laplace transformed space can be obtained.
Some discussions related to the aeroelastic response, kernel eval-
uation and stability analysis for the two-DOF open-loop aeroelas-
tic system can be found in Ref. 6. The first three aeroelastic ker-
nels in plunging and pitching are presented in contracted form in
Appendix B.

V. Numerical Results
For numerical simulations, unless otherwise stated, the param-

eters are prescribed as CLα = 2π , b = 1 m, ρ = 1.225 kg/m3,
U∞ = 1 m/s, m = 102 kg, ch1 = 10 N/ms−1, ch2 = 10 N/m2s−2,
ch3 = 10 N/m3s−3, kh1 = 102 N/m, kh2 = 103 N/m2, kh3 = 104 N/m3,
gp = 50 N/m, gv = 50 Ns/m, and ga = 50 kg. The predic-
tions of the linear open-loop aeroelastic responses of air-
foils in an incompressible flow and exposed to a blast load-
ing Lb(τ ) = 	H(τ ) − H(τ − rτp)
Pm(1 − τ/τp), based on the
Volterra’s series approach [using Theodorsen’s function C(k)] and
the exact solution, based on convolution integrals [using Wagner’s
function φ(τ)] are presented in Fig. 5. Herein τp denotes the posi-
tive phase duration of the pulse measured from the time of impact
of the structure. For r = 2 the N-shaped pulse degenerates into a
symmetric sonic-boom pulse19 (in the sense that its positive phase
has the same characteristics as its negative phase), and for r = 1 a
triangular pulse that corresponds to an explosive pulse is obtained.
The perfect superposition of the results constitutes a strong valida-
tion both of the accuracy of the aeroelastic model and of the power
of the methodology that combines Volterra’s series and the indicial
function approach.

In addition, the results in Ref. 6 constitute a test of the speed of
convergence of the present method. In Ref. 6, the first three approx-
imations of the aeroelastic response to the two loads, a 1-COSINE

gust and a triangular blast for a nonlinear time-varying system, are
plotted for different parameters along with the “exact” response of
the aeroelastic system obtained through numerical integration of
the nonlinear aeroelastic equations. These comparisons reveal the
rapid convergence of the approximation. For an airfoil featuring
pure plunging, the magnitude and phase of the first three aeroelastic
kernels are depicted in Fig. 6 as a function of the frequency, consid-
ering the representation along the diagonal of the planes (ω1, ω2),
(ω1, ω3), and (ω2, ω3) (i.e., ω = ω1 = ω2 = ω3). As is seen, a re-
duced influence on the frequency response of the third-order kernel
is experienced. In addition, this figure shows the influence played
by the proportional and velocity feedback controls on the kernels. It
can be seen that for the present model a shift toward larger values of
the frequency in the frequency response is experienced, and, at the
same time, a reduction in the peaks of the kernels is obtained. The
presence of nonlinearities causes harmonic excitations and sums of
harmonics to appear in the response of the aeroelastic system.

Because of the nonlinear formulation, different frequencies can
be expected as well. One of the advantages of the present methodol-
ogy over other approaches is that this approach captures the transfer
of energy between frequencies that is typical of nonlinear systems.
To be more specific, one can observe that H1(s1) produces a single
frequency output in response to the simple input es1t [see Fig. 6 (i)].
However, because the system is nonlinear H2(s1, s2) takes into ac-
count the terms that produce an output energy corresponding to the
sum of frequencies ω1 + ω2 [Fig. 6 (ii)] to the input e(s1 + s2)t . Simi-
larly, the third-order nonlinear aeroelastic kernel will inject a mix of
three input frequencies into the total system output [see Fig. 6 (iii)].

In Fig. 7 the magnitude of the first-order Volterra kernels for
the open-loop airfoil with plunging motions in the frequency do-
main and its time-domain counterpart, are presented. The frequency-
domain description is analogous to that based on the frequency
response function (FRF) obtained within the conventional modal

a)

b)

Fig. 12 Phase plots. Velocity and acceleration trajectories of the airfoil
exposed to a step pulse as represented in the inset.
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analysis, and, as such, the poles of the FRF identify the resonant
frequencies of the system.5

In Figs. 8a and 8b there are three-dimensional depictions, in the
frequency domain (ω1, ω2), of the magnitude of the second-order
Volterra kernels for the open-loop airfoil featuring plunging mo-
tions (Fig. 8a) and its time-domain counterpart (τ1, τ2) (Fig. 8b).
In Fig. 8a the kernel is depicted also for the negative frequencies
ω, that is, also for the complex conjugate solution. The poles of

a)

b)

c)

d)

Fig. 13 Open-/closed-loop time histories of plunging displacement for the nonlinear airfoil exposed to a Dirac delta pulse via combined PFC and
VFC: a) linear, Eq. (3), b) quadratic, Eq. (4), c) cubic, Eq. (5) components of the response, and d) total response.

the second-order transfer function are the poles of H1(s1), H1(s2),
and H1(s1 + s2), that are dependent on the linear and nonlinear
characteristic parameters. In addition, in Figs. 8c and 8d there are
depicted contour plots corresponding to Fig. 8b. The time-domain
representation of the second kernel shows that the kernel goes to zero
very quickly, and its main contribution to the response is as a result
of the terms along the diagonal τ1 = τ2. In Fig. 9, the magnitude
and phase content of second-order kernels of the open (Fig. 9a–9d)
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and closed-loop (Fig. 9e–9h) aeroelastic systems are represented
in the frequency domain. For the open-loop system, the contour
plots (Figs. 9b and 9d) reveal the symmetry of the kernel with re-
spect to both diagonals ω1 = ±ω2. On the other hand, the conjugate
symmetry of the second-order Volterra kernels can be established
as H2(−iω1, −iω2) = H2(iω1, iω2). However, for the closed-loop
system (Figs. 9e and 9h) this kernel is not symmetric with respect
to the diagonal ω1 = −ω2.

In certain nonlinear analyses we are interested in the case
where τ1 = · · · = τn = τ (Ref. 6). This yielding to g(τ ) ≡
hn(τ1, · · · τn)|τ1 = ··· = τn = τ , where g(τ ) has a corresponding Laplace
transform G(s) (also called associated transform) in the single-
dimensional Laplace transform space: G(s) =L[g(τ )]. The re-
sponse in time can be obtained from H(s1, s2, . . . , sn) by determin-
ing G(s) first and evaluating the single dimensional inverse Laplace
transform g(τ ). This approach is called association of variable.4,6,7

a)

b)

c)

Fig. 14 Open-/closed-loop time histories of plunging displacement for the nonlinear airfoil exposed to a step pulse via combined PFC and VFC:
a) linear, b) quadratic, and c) cubic components of the response.

The nonlinear aeroelastic responses in the time domain are de-
picted in Figs. 10–15 for the open-/closed-loop airfoil featuring the
plunging degree of freedom. Figure 10 highlights the performance
of various types of control on the linearized time history of the airfoil
subjected to a Dirac delta pulse. It appears that the VFC constitutes,
for the present case, the most efficient control law enabling one to
reduce and contain the oscillations in the shortest possible time.
Open-/closed-loop linear aeroelastic responses to selected types of
external loading (as represented in the insets of the figures) are
presented in Fig. 11, whereas in Fig. 12 velocity and acceleration
trajectories are depicted for an open- and closed-loop airfoil with
proportional and velocity feedback controls (PFC + VFC) to a step
pulse. In Fig. 13, the first plot represents the linear impulse response
that corresponds to the convolution integral for the linear analysis.
The other three plots represent the components of the response as
a result of the second- and the third-order kernels and the total
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Fig. 15 Linear and nonlinear open-/closed-loop time histories of the plunging motion of the airfoil to a step pulse via combined PFC and VFC.

response as a combination of the three partial responses. The effect
of the feedback control, namely a combined PFC and VFC con-
trol, is to reduce the vibrations and damp out the motion in a short
time, especially to reduce the effects of the nonlinear quadratic and
cubic components of the response amplitudes. A combined control
law provides better results than a single control law. In addition,
Fig. 13 shows the influence of the nonlinear stiffness and damping
coefficients on the response.

It appears that nonlinear stiffness/damping coefficients tend to de-
crease the response amplitudes. Therefore, the stiffness and damping
nonlinearities play a beneficial role on the subcritical aeroelastic re-
sponse. Figures 14 and 15 highlight the effect of the control on the
nonlinear subcritical response of an airfoil to a step pulse. Figure 14
contains the a) linear, b) quadratic, and c) cubic components of the
total aeroelastic response as represented in Fig. 15. In this case,
in the presence of the control the motion of the nonlinear system
damps out and reaches the steady-state value in a short time. The
considered control enables one to reduce and contain the oscil-
lation in an efficient way, but is not able to reduce the response
quantities to the zero value. To this end, more powerful feedback
control methodologies based on rejection of disturbances should
be incorporated. In addition, Fig. 15 shows that the amplitude of
the nonlinear response (evaluated via the use of three kernels) is
lower than its linearized counterpart, enforcing the conclusion men-
tioned earlier that in this case the nonlinear stiffness and damping
characteristics play a beneficial role on the subcritical aeroelastic
response.

VI. Conclusions
This investigation concerns the study of the open-/closed-loop

subcritical aeroelastic response and flutter prediction of simple non-
linear two-dimensional airfoils in an incompressible flowfield via
Volterra’s series and aerodynamic indicial function. It was shown
that the method based on Volterra series provides a unified and
efficient way to address problems of nonlinear aeroelasticity. The
approach has been extended to include an active control capability.
For the linearized model, comparisons of flutter results carried out
via Volterra series in conjunction with the indicial function and the
U-g method have been provided. Because the unsteady aerodynamic
model is presented in terms of indicial function, the formulation pre-
sented in this paper can be extended to address the open-/closed-loop
aeroelastic response at various flight speed regimes and the method
illustrated for one- and two-degree-of-freedom airfoils can be ex-
tended to systems with multiple degrees of freedoms, in general,
and to a three-dimensional aircraft wing, in particular.

Appendix A: Laplace and Fourier Transforms
The multidimensional Laplace transform of the nth-order impulse

response hn(τ1, τ2, . . . , τn) that is the nth-order transfer function is

Hn(s1, . . . , sn) =
∫

. . .

∫
hn(τ1, . . . , τn)e

−(s1τ1 + ··· + snτn ) dτ1 . . . dτn

(A1)

As is well known, hn(τ1, τ2, . . . , τn) and Hn(s1, s2, . . . , sn) provide
for the nth-order homogeneous subsystem, two equivalent repre-
sentations in time and Laplace-transform domain, respectively. Al-
ternatively, the transfer function can also be defined by means of
the Fourier transform, taking the n-dimensional Fourier transform
of the kernel (impulse response) as

Hn(iω1, . . . , iωn) =
∫ ∞

−∞
. . .

∫ ∞

−∞
hn(τ1, . . . , τn)

× e−(iω1τ1 + ··· + iωnτn ) dτ1 . . . dτn (A2)

Hn(iω1, . . . , iωn) is referred to as the generalized frequency re-
sponse function or system function. The close relationship between
Laplace and Fourier transforms and also the fact that the n-order
Volterra system will contain energy at frequencies, which are, in
fact, the sums and differences of frequencies contained in the input,
clearly appears from Eqs. (A1) and (A2). The Laplace transform
is usually defined as one-sided (0, ∞), and the Fourier transform
is defined as two-sided (−∞, ∞). If a Laplace transfer function
Hn(s1, . . . , sn) exists for Re[sk] = 0, k = 1, n, the Fourier transfer
function is given by the simple relationship

Hn(iω1, . . . , iωn) = Hn(s1, . . . , sn)|s1 = iω1,...,sn = iωn (A3)

On the other hand, the response of the nonlinear system, called
also output spectrum, can be expressed in the frequency domain as
follows:

Y ( f ) = H1( f )X ( f ) +
∫ ∞

−∞
H2( f1, f − f1)X ( f1)X ( f − f1)d f1

+
∫ ∞

−∞

∫ ∞

−∞
H3( f1, f2, f − f1 − f2)

× X ( f1)X ( f2)X ( f − f1 − f2)d f2d f1 + · · · (A4)

where fi = ωi/2π .
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Appendix B: First- and Second-Order Volterra Kernels
Corresponding to Plunging-Pitching Airfoil

Terms appearing in the first and second Volterra kernels of the
two degrees of freedom system are

A1(s) = kh1 + ms2 + ch1s + sρCLαbU∞C

[
− isb

U∞

]

+ 1

2
ρCLαs2b2 = 1

H h
1 (s)1DOF

(B1)

A2(s) = s2 Sα + 1

2
b2CLαρ

{
abs2 + s(1 + 2a)U∞C

[
− isb

U∞

]}

(B2)

A3(s) = s2 Sα + 1

2
bCLαρ

{
sbU∞ − ab2s2

+ U∞[s(2a − 1) + 2U∞]C

[
− isb

U∞

]}
(B3)

A4(s) = kα1 + Iαs2 + cα1s + 1

16
b2ρCLα

{
s2b2(1 + 8a2) + 4s(1

− 2a)U∞ + 4(1 + 2a)U∞

{
sb(2a − 1) − 2U∞C

[
− isb

U∞

]}}

(B4)

1

A1(s)
+ A2(s)A3(s)

A1(s)[A1(s)A4(s) − A2(s)A3(s)]
= H h

1 (s)2DOF (B5)

A4(s)

[A1(s)A4(s) − A2(s)A3(s)]
= H h

1 (s)2DOF (B6)

A2(s)

[A2(s)A3(s) − A1(s)A4(s)]
= Hα

1 (s)2DOF (B7)

H h
1 (s)2DOF

Hα
1 (s)2DOF

= − A4(s)

A2(s)
(B8)

H h
1 (s)2DOF = H h

1 (s)1DOF − Hα
1 (s)2DOF A3(s) (B9)

A3(s) = H h
1 (s)1DOF − H h

1 (s)2DOF

Hα
1 (s)2DOF

(B10)

B1(s1, s2) = −1 + 2H h
1 (s1)H h

1 (s2)kh2 + 2H h
1 (s1)H h

1 (s2)ch2s1s2

(B11)

B2(s1, s2) = 2Hα
1 (s1)Hα

1 (s2)kα2 + 2Hα
1 (s1)Hα

1 (s2)cα2s1s2 (B12)

H h
2 (s1, s2) = 1

2

B1(s1, s2)A4(s1 + s2) − B2(s1, s2)A3(s1 + s2)

A2(s1 + s2)A3(s1 + s2) − A1(s1 + s2)A4(s1 + s2)

(B13)

Hα
2 (s1, s2) = 1

2

B1(s1, s2)A2(s1 + s2) + B2(s1, s2)A1(s1 + s2)

A2(s1 + s2)A3(s1 + s2) − A1(s1 + s2)A4(s1 + s2)

(B14)

H h
2 (s1, s2)

= B1(s1, s2)A4(s1 + s2) − B2(s1, s2)A3(s1 + s2)

B1(s1, s2)A2(s1 + s2) + B2(s1, s2)A1(s1 + s2)
Hα

2 (s1, s2)

(B15)

H h
2 (s1, s2)

Hα
2 (s1, s2)

= B1(s1, s2)A4(s1 + s2) − B2(s1, s2)A3(s1 + s2)

B1(s1, s2)A2(s1 + s2) + B2(s1, s2)A1(s1 + s2)

(B16)

C1(s1, s2, s3) = −1 + 6(kh3 + ch3s1s2s3)H h
1 (s1)H h

1 (s2)H h
1 (s3)

+ 4[kh2 + ch2(s2 + s3)s1]H h
1 (s1)H h

2 (s2, s3)

+ 4[kh2 + ch2(s1 + s2)s3]H h
1 (s3)H h

2 (s1, s2)

+ 4[kh2 + ch2(s1 + s3)s2]Hα
1 (s1)Hα

2 (s3, s1) (B17)

C2(s1, s2, s3) = 6(kα3 + cα3s1s2s3)Hα
1 (s1)Hα

1 (s2)Hα
1 (s3)

+ 4[kα2 + cα2(s2 + s3)s1]Hα
1 (s1)Hα

2 (s2, s3)

+ 4[kα2 + cα2(s1 + s2)s3]Hα
1 (s3)Hα

2 (s1, s2)

+ 4[kα2 + cα2(s1 + s3)s2]Hα
1 (s2)Hα

2 (s3, s1) (B18)

Hα
3 (s1, s2, s3) =
C1(s1, s2, s3)A2(s1 + s2 + s3) − C2(s1, s2, s3)A1(s1 + s2 + s3)

3[A1(s1 + s2 + s3)A4(s1 + s2 + s3) − A2(s1 + s2 + s3)A3(s1 + s2 + s3)]

(B19)

Hα
3 (s1, s2, s3) =
C2(s1, s2, s3)A3(s1 + s2 + s3) − C1(s1, s2, s3)A4(s1 + s2 + s3)

3[A1(s1 + s2 + s3)A4(s1 + s2 + s3) − A2(s1, s2, s3)A3(s1 + s2 + s3)]

(B20)

H h
3 (s1, s2, s3)

Hα
3 (s1, s2, s3)

=

C2(s1, s2, s3)A3(s1 + s2 + s3) − C1(s1, s2, s3)A4(s1 + s2 + s3)

C1(s1, s2, s3)A2(s1 + s2 + s3) − C2(s1, s2, s3)A1(s1 + s2 + s3)

(B21)
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